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a b s t r a c t

In this paper, we show the existence of Landau constant for functions with logharmonic
Laplacian of the form F(z) = jzj2L(z) + K(z), jzj < 1, where L is logharmonic and K is harmonic.
Moreover, the problem of minimizing the area is solved

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Let H(U) be the linear space of all analytic functions defined on the unit disk U = {z : jzj < 1}. A logharmonic function is a
solution of the nonlinear elliptic partial differential equation

f�z
�f
¼ a

fz

f
; ð1:1Þ

where the second dilatation function a 2 H(U) such that ja(z)j < 1 for all z 2 U. Suppose that f is univalent logharmonic func-
tion with respect to a with a(0) = 0. If f(0) = 0 then f can be expressed as

f ðzÞ ¼ hðzÞgðzÞ; ð1:2Þ

where hðzÞ ¼ zþ
P1

n¼2anzn and gðzÞ ¼ 1þ
P1

n¼1bnzn: In this case, F(f) = log f(ef) is univalent and harmonic in the half-plane
{f;Re(f) < 0}, such functions play an important role in the theory of minimal surfaces having periodic Gauss map (for details
study of harmonic functions and logharmonic functions to be found in [1–5,7,8,10]). If 0 R f(U), then log (f(z)) is univalent and
harmonic, and the representation of f as in (1.2) with h and g are nonvanishing analytic functions in U.

We consider the class of all continuous complex-valued function F = u + iv in a domain D # C such that the Laplacian of F
is logharmonic. Note that log (4F) is harmonic in D, if it satisfies the Laplace’s equation 4(log (4F)) = 0, where

4 ¼ 4
@2

@z@�z
:

In any simply connected domain D we can write

F ¼ r2Lþ H; z ¼ reih; ð1:3Þ
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where L is logharmonic and H is harmonic in D. It is known that L and H can be expressed as,

L ¼ h1g1; ð1:4Þ
H ¼ h2 þ g2;

where h1, g1, h2 and g2 are analytic in D. Denote by LLh(U) the set of all functions of the form (1.3), which are defined on the
unit disk U (for details see [1]).

Denote the Jacobian of W by JW, then

JW ¼ jWzj2 � jW�zj2: ð1:5Þ

Denote

kW ¼ jWzj � jW�zj;
KW ¼ jWzj þ jW�zj; ð1:6Þ

then JW = kW �KW.
Lewy [7,10], showed that a harmonic function W is locally univalent if Jacobian of W, JW,

JW – 0: ð1:7Þ

The classical Landau theorem states that if f is analytic in the unit disk U with f(0) = 0, f0(0) = 1 and jf(z)j < M for z 2 U, then
f is univalent in the disk Uq0

¼ fz : jzj < q0g with

q0 ¼
1

M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � 1

p
and f ðUq0

Þ contains a disk UR0 with R0 ¼ Mq2
0: This result is sharp, with the external function f ðzÞ ¼ Mz ð1�MzÞ

ðM�zÞ (see [12]).

Chen et al. [6] obtained a version of the Landau theorem for bounded harmonic mappings of the unit disk. Unfortunately
their result is not sharp. Better estimates were given in [9] and later in [11].

In specific, it was shown in [11] that if f is harmonic in the unit disk U with f(0) = 0, Jf(0) = 1 and jf(z)j < M for z 2 U, then f is
univalent in the disk Uq1

¼ fz : jzj < q1g with

q1 ¼ 1� 2
ffiffiffi
2
p

Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ 8M2

p
and f ðUq1

Þ contains a disk UR1 with R1 ¼ p
4M � 2M

q2
1

1�q1
: This result is the best known but not sharp.

We now quote the Schwarz lemma for harmonic mappings which will be used in proving the coming theorems:

Lemma 1 (Schwarz lemma). Let f be a harmonic mapping of the unit disk U with f(0) = 0 and f(U) � U. Then

jf ðzÞj 6 4
p

arctan jzj 6 4
p
jzj;

Kf ð0Þ 6
4
p
: ð1:8Þ

In Theorem 1, we consider the problem of minimizing the area for the case F(z) = r2L(z). In Theorems 2 and 3, we show
that Landau’s theorem extends to bounded functions with logharmonic Laplacian.

In Theorem 2, we show that if L be logharmonic in U such that L(0) = 0, JL(0) = 1 and jL(z)j < M for z 2 U then there is a
constant 0 < q2 < 1 so that F = r2L is univalent in the disk jzj < q1, where q1 is the solution of the equation

1 ¼ 2q2M
1

1� q2
2

� 2M
q2

1� q2
2

� �2

and f ðUq2
Þ contains a disk UR2 with

R2 ¼ q3
2 � 2M

q4
2

1� q2
2

:

This result is not sharp.
In Theorem 3, we show that if F is in the class LLh(U), such that L(0) = K(0) = 0, JF(0) = 1 and jL(z)j and jK(z)j are both

bounded by M for z 2 U then there is a constant 0 < q3 < 1 so that F is univalent in jzj < q3. In specific, q3 satisfies

p
4M
� 2q3M � 2M

q3
3

1� q2
3

� �2 þ
1

ð1� q3Þ
2 � 1

 !
¼ 0
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and FðUq3
Þ contains a disk UR3 ; where

R3 ¼
p

4M
q3 � q2

3M
1

1� q2
3

� 2M
q2

3

1� q3
:

This result is not sharp.

2. The Case F = r2G

First we establish a lower bound for the area of the range of F(z) = r2L(z).

Theorem 1. Let F(z) = r2L(z), where L ¼ h�g is starlike logharmonic in U. If g(0) = 1 and h0(0) = 1. Let A(r,F) denotes the area of
F(Ur), where Ur = {z : jzj < r}, for r < 1. Then,

Aðr; FÞP 2p �2r þ r2 � 2r3

3
þ r4

2
� r5

5
þ r6

6
� r8

8
þ 2 lnð1þ rÞ

� �
:

Equality holds if and only if L0ðzÞ ¼ r2 z 1þ�z
2ð Þ

1þz
2ð Þ or one of its rotations.

Proof. Let F(z) = r2L(z), where LðzÞ ¼ hðzÞgðzÞ be a logharmonic mapping defined on the unit disc . Then L satisfies (1.1) for
some a 2 H(U) such that ja(z)j < 1 and a(0) = 0. Hence,

Aðr; FÞ ¼
Z Z

Ur

JF dA ¼
Z Z

Ur

ðjFzj2 � jF�zj2Þrdrdh P
Z r

0

Z 2p

0
2jLj2jzj2Re

zLz � zL�z

L

� �
þ r4½jLzj2 � jL�zj2�qdhdq ð2:1Þ

By Schwarz lemma, we have

½jLzj2 � jL�zj2� ¼ jLzj2½1� jaj2�P jLzj2½1� jqj2�: ð2:2Þ

Since L is starlike logharmonic mapping, it follows from [3] that wðzÞ ¼ zh
g is starlike. Therefore, we have

Re
zLz � zL�z

L
¼ Re

zw0ðzÞ
wðzÞ P

1� q
1þ q

: ð2:3Þ

Substituting (2.2) and (2.3) in (2.1) we obtain that

Aðr; FÞP
Z r

0
2q2 1� q

1þ q

Z 2p

0
jLj2dhdqþ

Z r

0
q5ð1� q2Þ

Z 2p

0
jLzj2dhdq: ð2:4Þ

Writing hg ¼ z 1þ
P1

n¼1cnzn
� �

,
we getZ 2p

0
jLj2dh ¼ 2pq2 1þ

X1
n¼1

jcnj2q2n

" #
: ð2:5Þ

Also, writing h0g ¼ 1þ
P1

n¼1dnzn
� �

,
we obtain

Z 2p

0
jLzj2dh ¼ 2p 1þ

X1
n¼1

jdnj2q2n

" #
: ð2:6Þ

Combining (2.4), (2.5) and (2.6), we deduce that Aðr; FÞP 2p
R r

0 q4 1�q
1þq

	 

þ q5ð1� q2Þ

h i
dq ¼ 2p k� 2r þ r2 � 2r3

3 þ
h

r4

2 � r5

5 þ r6

6 � r8

8 þ 2 lnð1þ rÞ�: h

In the next theorem we give a Landau’s theorem for functions with logharmonic Laplacian of the form F = r2L(z).

Theorem 2. Let L be logharmonic in U such that L(0) = 0, JL(0) = 1 and jL(z)j < M for z 2 U. Then there is a constant 0 < q1 < 1 so
that F = r2L is univalent in the disk jzj < q2, q2 is the solution of the equation 1 ¼ 2qM 1

1�q2 � 2M q
ð1�q2Þ2

and f ðUq2
Þ contains a disk

UR2 with R2 ¼ q2
2 � 2M q4

2
1�q2

2
: This result is not sharp.

Proof. Fix 0 < q < 1 and choose z1, z2 with z1 – z2, jz1j < q and jz2j < q. Then we have

Fðz1Þ � Fðz2Þ ¼
Z
½z1 ;z2 �

FzðzÞdzþ F�zðzÞd�z ¼
Z
½z1 ;z2 �
ð�zLþ r2h0�gÞdzþ ðzGþ r2hg0Þd�z;
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where [z1,z2] is the line-segment from z1 to z2, z = tz2 + (1 � t)z1 and 0 6 t 6 1. Hence

jFðz1Þ � Fðz2Þj ¼
Z
½z1 ;z2 �

�zLþ r2h0�g
� �

dzþ ðzLþ r2hg0Þd�z

�����
����� ¼

Z
½z1 ;z2 �

LðzÞð�zdzþ zd�zÞ þ
Z
½z1 ;z2 �

r2h0�gdzþ
Z
½z1 ;z2 �

r2hg0d�z

�����
�����

¼
Z
½z1 ;z2 �

r2dzþ
Z
½z1 ;z2 �

LðzÞð�zdzþ zd�zÞ þ
Z
½z1 ;z2 �

r2ðh0�g � 1Þdzþ
Z
½z1 ;z2 �

r2hg0d�z

�����
�����

P
Z
½z1 ;z2 �

r2dz

�����
������ 2jz2 � z1j

X1
n¼1

ðjankbnjÞ
Z 1

0
r2ndt

����
����� 2jz2 � z1j

X1
n¼1

ðjankbnjÞn
Z 1

0
r2nþ1dt

����
����

P jz2 � z1j
Z 1

0
r2dt

����
����� 2qM

X1
n¼1

q2n�2
Z 1

0
r2dt

����
����� 2M

X1
n¼1

nq2n�1
Z 1

0
r2dt

����
����

" #

P jz2 � z1j
Z 1

0
r2dt

����
���� 1� 2qM

1
1� q2

� 2M
q

ð1� q2Þ2

" #
:

Choose q2 so that 1� 2qM 1
1�q2 � 2M q

ð1�q2Þ2
¼ 0:

Then F is univalent in jzj < q2 and furthermore, we have for jzj = q2,

jFðzÞj ¼ q3
2

X1
n¼1

anzn
X1
n¼0

bnzn

�����
����� P q3

2 � q3
2M
X1
n¼1

q2n�1 ¼ q3
2 � 2M

q4
2

1� q2
2

¼ R2: �

3. The general case F = r2L + K

Next we give a Landau theorem for functions of logharmonic Laplacian of the form F = r2L + K:

Theorem 3. Let F = r2L + K, z = reih be in LLh(U), where L is logharmonic and K is harmonic in the unit disc U such that
L(0) = K(0) = 0, JF(0) = 1 and jLj and jKj are both bounded by M. Then There is a constant 0 < q3 < 1 so that F is univalent in jzj < q3.
In specific, q3 satisfies

p
4M
� 2q3M � 2M

q3
3

1� q2
3

� �2 þ
1

ð1� q3Þ
2 � 1

 !
¼ 0

and FðUq3
Þ contains a disk UR3 ; where

R3 ¼
p

4M
q3 � q2

3M
1

1� q2
3

� 2M
q2

3

1� q3
:

Proof. Let LðzÞ ¼ hðzÞgðzÞ ¼ zþ
P1

n¼2anzn
� � P1

n¼0bnzn
� �

and KðzÞ ¼
P1

0 cnzn þ
P1

0 dnzn: Fix 0 < q < 1 and choose z1,z2 with
z1 – z2,jz1j < q and jz2j < q. Then

Fðz1Þ � Fðz2Þ ¼
Z
½z1 ;z2 �

FzðzÞdzþ F�zðzÞd�z ¼
Z
½z1 ;z2 �
ð�zLþ r2h0�g þ KzÞdzþ zLþ r2hg0 þ K�z

� �
d�z;

where [z1,z2] is the line-segment from z1 to z2.
Note that

JFð0Þ ¼ jKzð0Þj2 � jK�zð0Þj2 ¼ JKð0Þ ¼ 1 ð3:1Þ
and hence

kKð0Þ ¼
1

KKð0Þ
P

p
4M

:

Then

jFðz1Þ � Fðz2ÞjP
Z
½z1 ;z2 �
ðKzð0Þdzþ K�zð0Þd�zÞj�

�����
�����
Z
½z1 ;z2 �

LðzÞð�zdzþ zd�zÞ þ
Z
½z1 ;z2 �

r2ðh0ðzÞgðzÞdzþ hðzÞg0ðzÞd�zÞ

þ
Z
½z1 ;z2 �
ðKzðzÞ � Kzð0ÞÞdzþ ðK�zðzÞ � K�zð0ÞÞd�zj

P jz2 � z1j kKð0Þ � 2qM � 2
X1
n¼1

ðjankbnjÞnq2nþ1 �
X1
n¼2

ðjcnj þ jdnjÞnqn�1

 !

P jz2 � z1j
p

4M
� 2qM � 2M

X1
n¼1

nq2nþ1 � 2M
X1
n¼2

nqn�1

 !

¼ jz2 � z1j
p

4M
� 2qM � 2M

q3

ð1� q2Þ2
þ 1

ð1� qÞ2
� 1

 ! !
:
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Clearly there is a q so that jF(z1) � F(z2)j > 0. Let q3 be the largest such q. In other words, choose q3 > 0 so that

p
4M
� 2q3M � 2M

q3
3

1� q2
3

� �2 þ
1

ð1� q3Þ
2 � 1

 !
¼ 0:

For jzj = q3,

jFðzÞjP jc1zþ d1�zj � q2
3j zþ

X1
n¼2

anzn

 ! X1
n¼0

bnzn

 !
j � j

X1
n¼2

cnzn þ dn�znjP p
4M

q3 � q2
3M
X1
n¼0

q2n
3 � 2M

X1
n¼ 2

qn
3

P
p

4M
q3 � q2

3M
1

1� q2
3

� 2M
q2

3

1� q3
¼ R3: �
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